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ABSTRACT 

     Let ),( EVG be a graph with p  vertices and q  edges. A graph ),( qpG is said to be a Super Beta 

combination graph if there exist a bijection  pGVf ,...,3,2,1)(:   such that the induced function 

NGEf s )(: , N  is a natural number, given by 
]!1)([]!1)([

]!1)()([
)(





vfuf

vfuf
uvf s , for every edges uv  

of  G  and  are all distinct and the function  f   is called the Super Beta combination labeling of G . 

In this paper, we prove,  Star nK ,1 , graph nm PP  , double triangular snake )( nTD  , graph 1KTn  , 

graph 1KQn , graph nm QT  , graph )()( 11 KCKP nm  are the Super Beta combination graphs. 
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1. INTRODUCTION 
  The terminology and notations used here are in the sense of Harary [5]. Graph labelings were 
first introduced in the mid sixties. Graph labeling, where the vertices and edges are assigned real values 
or subsets of a set are subject to certain conditions. The concepts of graph labeling have been applied 
in missile guidance codes, Radar location codes, coding theory, circuit design, communication 
network, X-ray crystallography and radio-astronomy, etc. Throughout this paper, by a graph we mean 
a finite, undirected, simple graph. The vertex set and the edge set of a graph G are denoted by V(G) 
and E(G) respectively. Let G(p,q) be a graph with p = | V(G) | vertices and q = | E(G) | edges. A 
detailed survey of graph labeling can be found in J.A.Gallian survey [4].Combinations play a major 
role in combinatorial problems. S.M.Hegde and Sudhakar Shetty introduced the concept of 
combinatorial labeling of graphs [6]. Motivated by these works, we defined Beta combination labeling 
and Super Beta combination labeling [9,10,11]. For detailed study of various graph labeling, we refer 
[7, 8]. In this paper we investigate a few Super Beta combination graphs. We use the following 
definitions in the subsequent sections. 
 

Definition 1.1 [11] A graph ),( qpG is said to be a Super Beta combination graph if there exist a 

bijection  pGVf ,...,3,2,1)(:   such that the induced function NGEf s )(: , N  is a natural 

number, given by 
]!1)([]!1)([

]!1)()([
)(





vfuf

vfuf
uvf s , for every edges uv  of  G   are all distinct and the 

function  f   is called the Super Beta combination labeling of G . 

Definition 1.2.[5] A walk in G is a finite non-null sequence kk vevevevw ....22110  whose terms are 

alternatively vertices and edges, such that, for ki 1 , the ends of ei are vi-1 and vi. A walk is said 
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be a path if all the vertices are distinct. It is closed if kvv 0 and is open otherwise. A closed path 

with 3n  is called a cycle. 
 Definition 1.3.[4] A triangular snake is obtained from a path v1,v2,….,vn by joining vi and vi+1 to a 
new vertex wi for i=1,2,….,n-1. 
Definition 1.4.[4]: A double triangular snake consists of  two triangular snakes that have a common 

path. That is , a double  triangular snake is obtained from a path nuuu ,....,, 21   by  joining  iu   and 

1iu  to new vertex iv   for  1,....,2,1  ni  and to a new vertex iw  for 1,....,2,1  ni . 

Definition 1.5.[4] A quadrilateral snake is obtained from a path nuuu ,...,, 21 by joining iu  , 1iu to new 

vertices iv  , iw  . That is, every edge of the path is replaced by the cycle. 

Definition 1.6.[4] The corona  21 GG   of  two graphs 1G  and 2G  is defined as the graph G  obtained 

by taking one copy of 1G  (which has  p  points) and  p  copies of 2G  and then joining the ith point 

of 1G to every point in the ith copy of 2G . 

Definition 1.7. [5] A star 𝑆𝑛 is a complete bipartite graph 𝐾1,n is a tree with one internal node and n 
leaves. 
Definition 1.8. [5] The union of two graphs G1 = (V1, E1) and G2 = (V2, E2) is a graph  
G =G1U G2 with vertex set V =V1U V2 and the edge set E =E1U E2. 

 . In this paper, we prove, Star nK ,1 , graph nm PP  , double triangular snake )( nTD  , graph 

1KTn  , graph 1KQn , graph nm QT  , graph )()( 11 KCKP nm  are the Super Beta 

combination graphs. 
2.Main Results 

Theorem 2.1.  Every star nK ,1   is a Super beta combination graph. 

Proof: Let nK ,1 be the star graph with 1n
 
and n edges.  

Let }11:{)( ,1  niuKV in . Let }1:{)( 1,1 niuuKE nin   . 

Define a bijection }1,...,3,2,1{)(: ,1  nKVf n  by 1)( 1 nuf ; 

niifiuf i  2)( . And f  induces that NKEf n
s )(: ,1 , where N  is a natural number, 

by 
]!1)([]!1)([

]!1)()([
)(





vfuf

vfuf
uvf s

 ,  for every  edges   uv  of  nK ,1  and are all distinct. That is sf  

is injective. Hence star graph nK ,1  is a Super beta combination graph. 

Example 2.2. A Super beta combination labeling of  8,1K   is shown in the Figure-2.1. 

 
       
Figure-2.2 
 
 
 
Figure-2.1 
 

Theorem 2.3. The graph nm PP    is a Super beta combination graph.  
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Proof: Let  mP  be a path graph with m  vertices and 1m  edges. 

Let }1:{)( niuPV im  . Let }11:{)( 1   miuuPE iim . 

Let  nP  be a path graph with n vertices and 1n  edges.  

Let }1:{)( nivPV in  . Let }11:{)( 1   nivvPE iin . 

Let  nm PP   be the union graph of paths mP  and nP with nm   vertices and 2nm  edges. 

Let }1:;1:{)( nivmiuPPV iinm  . 

Let }11:;11:{)( 11   nivvmiuuPPE iiiinm . 

Define a bijection },...,3,2,1{)(: nmPPVf nm   by miifiuf i  1)(  and

niifimvf i  1)( . And f  induces that NPPEf nm
s  )(: , where N  is a natural 

number, by 
]!1)([]!1)([

]!1)()([
)(





vfuf

vfuf
uvf s

 ,  for every  edges   uv  of nm PP   and are all distinct. 

That is sf  is injective. Hence the graph nm PP   is a Super beta combination graph. 

Example 2.4 . A Super beta combination labeling of path 65 PP    is shown in the   Figure-2.2. 

 
 
Figure-2.2 
 
Theorem 2.5. Every double 

triangular snake )( nTD  is a Super beta combination graph.  

Proof: Let )( nTD  be a double triangular snake  with 23 n  vertices and 55 n edges. 

Let }11:,;1:{))((  niwvniuTDV iiin . 

Let   }11:,,,,,{))(( 111   niwuvuwuvuuuTDE iiiiiiiiiin . 

Define a bijection }23,...,3,2,1{))((:  nTDVf n  by 1)( 1 uf ; niifiuf i  23)( ;  

1113)(  niifivf i ; 1113)(  niifiwf i . 

 And f  induces  that NTDEf n
s ))((: , where N  is a natural number, by  

]!1)([]!1)([

]!1)()([
)(





vfuf

vfuf
uvf s

 ,  for every  edges   uv  of )( nTD  and are all distinct. That is sf  is 

injective. Hence the double triangular snake )( nTD  is a Super beta combination graph.   

Example 2.6. A Super beta combination labeling of double triangular snake )( 5TD  is shown  
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in the Figure-2.3. 
 
 
 
 
Figure-2.3 

graph 1KTn  is a Theorem 2.7. Any 

Super beta combination graph.  

Proof: Let 1KTn  be a graph  with 24 n  

vertices and 45 n edges. 
Let 









11:,1:

11:,1:
)( 1 nizniw

nivniu
KTV

ii

ii
n .  

Let 












 



11:

1:;11:

11:;11:

)( 1

1

1

nizv

niwunivu

nivuniuu

KTE

ii

iiii

iiii

n  

Define a bijection }24,...,3,2,1{)(: 1  nKTVf n  by 2)( 1 uf ;  
niifiuf i  223)( ;  1114)(  niifivf i ; 1)( 1 wf  

niifiwf i  224)( ; 114)(  niifizf i . 

And f  induces  that NKTEf n
s  )(: 1 , where N  is a natural number, by 

]!1)([]!1)([

]!1)()([
)(





vfuf

vfuf
uvf s

 ,  for every  edges   uv  of 1KTn  and are all distinct.  

That is sf  is injective. Hence any graph 1KTn  is a Super beta combination graph. 

Theorem 2.8. The graph 1KQn  admits a Super beta combination labeling.  

Proof: Let 1KQn  be a graph  with 46 n  vertices and 67 n edges. 

Let 








11:,;1:

11:,;1:
)( 1 nizynix

niwvniu
KQV

iii

iii
n .  

Let 
















11:

11:;1:

11:,,,

)(
11

1

nizw

niyvnixu

niwvwuvuuu

KQE

ii

iiii

iiiiiiii

n  

Define a bijection }46,...,3,2,1{)(: 1  nKQVf n  by 2)( 1 uf ;  
niifiuf i  216)( ;  1136)(  niifivf i ;  

116)(  niifiwf i ; 1)( 1 xf    ; niifixf i  126)(  ; 

1126)(  niifiyf i ; 1116)(  niifizf i . 

And f  induces  that NKQEf n
s  )(: 1 , where N  is a natural number, by 
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]!1)([]!1)([

]!1)()([
)(





vfuf

vfuf
uvf s

 ,  for every  edges   uv  of 1KQn  and are all distinct.  

That is sf  is injective. Hence the graph 1KQn  admits a Super beta combination labeling. 

Example 2.9. A Super beta combination labeling of graph 14 KQ   is shown  

in the Figure-2.4. 
 
 
 
 
 
 
Figure-2.4 
 

graph nm QT   is a Theorem 2.10. Any 

Super beta combination graph. 

Proof: Let mT  be a triangular snake  with 

12 m  vertices and 33 m edges. 

Let }1̀1:;1:{)(  mivmiuTV iim . Let }11:,,{)( 11   mivuvuuuTE iiiiiim . 

Let nQ  be a quadrilateral snake with 23 n  vertices and 44 n  edges.  

Let }11:,;1:{)(  niyxniwQV iiin . 

Let   }11:,,,{)( 11   niyxywxwwwQE iiiiiiiin . 

Let nm QT   be a graph with 533  nm  vertices and 743  nm  edges.  

Let 








11:,;1:

11:;1:
)(

niyxniw

mivmiu
QTV

iii

ii
nm . 

Let 












11:,,,

11:,,
)(

11

11

niyxywxwww

mivuvuuu
QTE

iiiiiiii

iiiiii
nm . 

Define a bijection }533,...,3,2,1{)(:  nmQTVf nm  by   
miifiuf i  112)( ;  112)(  miifivf i ; niifimwf i  1332)( ;  

11322)(  niifimxf i  ; 11312)(  niifimyf i . 

And f  induces  that NQTEf nm
s  )(: , where N  is a natural number, by 

]!1)([]!1)([

]!1)()([
)(





vfuf

vfuf
uvf s

 ,  for every  edges   uv  of nm QT   and are all distinct.  

That is sf  is injective. Hence any graph nm QT   is a Super beta combination graph. 

 
 

Theorem 2.11. The graph )()( 11 KCKP nm   admits a Super beta combination labeling. 

Proof: Let 1KPm  be a comb graph with m2  vertices and 12 m  edges. 
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Let }1:;1:{)( 1 mivmiuKPV iim  . 

Let  }1:;11:{)( 11 mivumiuuKPE iiiim    . Let 1KCn  be a crown with n2  

 vertices and n2  edges. Let }1:;1:{)( 1 nizniwKCV iin  . 

Let  }1:;;11:{)( 111 nizwwwniwwKCE iiniin    
Let  11 KCKP nm  be the union graph with nm 22  vertices and 122  nm  edges. 

Let 








nizw

mivu
KCKPV

ii

ii
nm 1:,

1:,
)( 11 . 

Let 












nizwwwniww

mivumiuu
KCKPE

iinii

iiii
nm 1:;;11:

1:;11:
)(

11

1
11 . 

Define a bijection }22,...,3,2,1{)(: 11 nmKCKPVf nm   by  
miifiuf i  112)( ;  miifivf i  12)( ; niifinmwf i  12)( ;  

niifimzf i  12)( . And f  induces  that NKCKPEf nm
s  )(: 11 , where N  is 

a natural number, by 
]!1)([]!1)([

]!1)()([
)(





vfuf

vfuf
uvf s

 ,  for every  edges   uv  of )()( 11 KCKP nm   

and are all distinct. That is sf  is injective. Hence the graph )()( 11 KCKP nm   admits a Super 

beta combination labeling.  
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