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Abstract: The domatic number is a fundamental graph parameter that measures the
maximum number of pair wise disjoint dominating sets into which the vertex set of a graph
can be partitioned. Interval graphs, arising from families of intervals on the real line. In this
paper, we investigate the domatic number of interval graphs associated with interval families
and establish new theoretical results based on their structural properties. We derive sufficient
conditions and bounds for the domatic number by exploiting the intersection relationships
among intervals and the corresponding graph structure.
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Introduction: The history of graph theory may be specifically traced to 1735, when the Swiss
mathematician Leonhard Euler solved the Konigsberg bridge problem. Graph theory in
mathematics is the study of graphs. Graphs are one of the prime objects of study in discrete
mathematics. In mathematics graph theory is the study of graphs, which are mathematical
structures, used to model pair wise relations between objects. A graph structure is very
suitable for representing relationships between objects in the abstract, and a large number of
combinatorial problems can be modeled as problems on the graph structure. A partition of a
graph is the division of the vertex set or edge set of a graph into disjoint subsets such that
every vertex or node and edges or links belongs to exactly one subset and also a vertex
partition of a graph G is a collection of non-empty pair wise disjoint subsets. Let us consider
the vertex set

V={vi,va, ..., vay and viU v2 U ..... U va = V(G), ViN V; = @ V i £ j, where
i=1,2,....... Andj=1,2,........ . Let us consider the finite subset of V, i.e.,

Vi = {vi, v2, v3} and V, = {va, vs, Vs} these are pair wise disjoint and together contain all
vertices. In graph theory the partitions are fundamental for studying graph structure,
connectivity and many optimization problems.

Preliminaries: Let [ = {I, I, ....., I} be an interval family, where each I is an interval on the
real line and [; = [a;, bi], fori =1, 2, ..., n. Here a; is called left end point and b; is called the
right end point. Without loss of generality, we assume that, all end points of the intervals are
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distinct numbers between land n. The intervals are named in the increasing order of their
right end points. Let I = {1, 2, ...., n} be the interval family with right end point labeling
corresponding to the interval graph G.
The graph G is called an interval graph if there is one - to— one correspondence between the
vertex set V and an interval family I. Two vertices of G are joined by an edge if and only if
their corresponding intervals in I are intersect. That is if i = [a;, bi] and j = [a;, b;j], then i and j
will intersect, if a; < b; or a; < by, in this connection each interval is nothing but one vertex.
A subset D of V is said to be a dominating set of G if every vertex in V - D is adjacent to a
vertex in D. A dominating set with minimum cardinality is said to be a minimum dominating
set.
The cardinality of the dominating set of a graph G is called domination number of G. It is
denoted by y(G).
A collection of partition {di, d2, ds, ....., di} of G is called domatic partition (DP) of G if 1)
{di, d2, ds, ....., di} are pair wise disjoint. i.e., di Nd2 NdsN....Ndx=0

)UK, di=V(G)ie,diUdUdsU....Udi=V(G)

3) Each di is a dominating set by definition the maximum possible number dominating

sets in a domatic partition is domatic number DN(G).

Main theorems:

Theorem 1: Suppose a finite consecutive interval family (without multiple intervals) I = {15,
Is,......In} and G be an interval graph corresponding to I and the vertices must be greater than
or equal to 2 . i.e.,vn=> 2. Then the domatic number DN(G) = 2.

Proof: Let I={I, L5, ..., I} be a finite consecutive interval family without multiple intervals,
and G be an interval graph corresponding to I.

We know that a collection of partition of G is a set of {d;, d», ds, .. dk} is called domatic
partition DP(G) if
1) {di d2ds, .. di} are pair wise disjoint.i.e.,.diNd, NdsN.... N dk= 0,
Where di d», d3, ... dk are called dominating sets of G.
2) Ul di=W(G)ie,diUdUdsU ..U di=V(G)
3) Each di is a dominating set by definition the maximum possible number of dominating
sets in a domatic partition is domatic number DN(G).
Let us consider [ = {I», I3, ....... , I} be a consecutive interval family and where [:¢ [ and G
be a graph of L.
Suppose the vertex set V(G) = {vi, V2, V3, V4, Vs, Vs}. Then the dominating sets are
di = {vi, v3, vs} and d» = {v2, v4, Ve}. It is clear that d; and d, are pair wise disjoint sets of G
ie,,diNd2=@ and d; U d2 =V (G) and every vertex in d; is adjacent with the vertices of d».
And d;, d, itself is a dominating sets. Therefore {d;, d»} is a domatic partition.
Hence all the three conditions are satisfied. So that the domatic number of the graph is 2.
Therefore, for every finite consecutive interval family with out multiple intervals have the
domatic number DN (G) = 2.

Hence the theorem is proved.
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ILLUSTRATION:
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v 3
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v 10 viz
Interval graph G

The dominating sets are d; = {va, V4, Vs, V7, Vg, vi1} and d» = {vi, v3, Ve, Vo, Vi, Vi2}
di N dy= {va, va, Vs, V7, Vs, vi1} N {1, V3, Ve, Vo, Vio, Vi2}
diNd,=@ and
diudz= {v2, va, V5, V1, V8, Vi1} U {V1, V3, Vs, Vo, Vio, Vi2}
di U da= {vi1, v2, V3, V4, Vs, Vs, V7, V8, Vo, V10, Vi1, Vi2}
diud,=V (G)
Therefore the domatic partition DP(G) = {d;, d»}
= DN (G) =2.
Theorem 2:
If a finite even and odd consecutive interval family (without multiple intervals) 1= {I,,
Is,......In } and G be an interval graph corresponding to I, and the vertices must be greater than

or equal to 2 i.e., Vn > 2 then the domatic number

n-2k if n=2m,k=%,VkEW,VmEN

DN(G)=2= (03)
n-(2k+1) if n=2m+1, k:T ,VKke W, VmeN
Proof:
Letl={, Is . . I} be a finite even and odd consecutive interval family (without multiple

intervals) and G be a interval graph corresponding to 1.

Let us suppose I, o € I where

e={LL...... , bm} =evenand lo= {I3 Ls....... , bm+1} =odd and Ym € N

Since Iz U Io=1=V(G) and Iz N Io= @. The graph must be connected at I Io.

We know that a collection of partition of G is set of {di, do, ....., di} is called domatic
partition DP(G) if

1) {di,da,ds, ... di} are pair wise disjoint. i.e., diNd2 N dsN.... N dk=0
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2) Uk d;=W(Gie.,diUd:UdsU ... U de= V(G)
3) Each d; is a dominating set
By definition the maximum possible number of dominating sets in a domatic partition is
domatic number DN(G).
For every finite consecutive interval family without multiple intervals has the domatic
number DN(G) = 2.
In this , it will arise two cases
Casel:
Let us consider the finite even consecutive interval family [g= {I; L, ...... , m}, Vm €N

without multiple intervals.
. -2
The domatic number DN(G) = n-2k where n =2m, k= HT, VKkeW, VmEN

Let us consider the vertices at [g= {vi va,...... , Vom} and lo= {u;, ua....... , Wom+1}
Let n = 2 then the dominating sets are d;= {vi} and d2= {v2}
Where d; Ndy= {vi} N {v2}
diNnd=0
And
diUdy= {vi} U {v2}
diUdo= {v1, v2}
diUd2= V(G)
And dy, d; itself is a dominating sets. Therefore the domatic partition
DP(G) = {di, d2}.
Therefore domatic number DN(G) = n-2k
=2-2(0)
=2
Let n = 4 then the dominating sets are d; = {vi,v3} and d2= {v2, v4}
Where di Nd>= {vi1, v} N {va, va}
diNd:=9
And
diUdr= {v1, v3} U {v2, va}
diUda= {v1, v2, v3, v4}
diud,=V(G)
And di, d, itself is a dominating sets. Therefore {di, d»} is a domatic partition of G.
Therefore domatic number DN(G) = n-2k
=4-2(1)
=2
Similarly n = 2m then the domatic number DN(G) = 2m-2k = 2
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DN(G)=2

Case 2:
Let us consider the finite odd consecutive interval family lo= {I5 Is. ...... , b},

Vm € N without multiple intervals.
The domatic number DN(G) = n - (2k+1) where n =2m+1, k =n7_3, VkeW, Vm €N

Let us consider the vertices at [o= {u;, uy, ...... , Wm+1}
Let n = 3 then the dominating sets are d;= {u;} and d>= {u, us}
Where di Ndo= {wi} N {u, us}
diNnd=90
And
diU do= {wi} U {uz, us}
diVU d2= {u, up, us}
diU d2=V(G)
And di, d, itself they are dominating sets. Therefore the domatic partition
DP(G) = {di, d2}.
Therefore domatic number DN(G) = n - (2k+1)
=3-(0+1)
=2
Let n = 5 then the dominating sets are d; = {u,, us} and d>= {u;, us, us}
Where di Nd>= {uo, ua} N {ui, u3, us}
dind;=9
And
diUdz= {uz, us} U {u;, us, us}
di Ud,= {uy, uz, us, ug, us}
diud2=V(G)
And d;, d, itself is a dominating sets.
Therefore the domatic partition
DP(G) = {di, d2}.
Therefore domatic number DN(G) = n-(2k+1)
=5-2(1)+1)
=5-3
=2
Similarly n = 2m+1 then the domatic number
DN(G) = 2m+1) - (2k+1) =2
DN(G) =2

Hence the theorem proof
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Illustration for even consecutive vertices:

n=10:

V2 Va Ve Vs V10

f—
-
-
-
-l

Vi V3 Vs V7 Vg
I
F

—
-
-
—
—_
_

Interval family,[J,
Vi Vs

Vi Ve

V.
Vs 4

V7 V2

Vo

Interval Graph G

The dominating sets are d; = {va, Vs, Ve, Vs, Vio}
da= {vi1, v3, V4, v7, Vo}
diNdz2= {va, vs, Ve, Vs, Vio} N {V1, V3, V4, V7, Vo}
diNd>=9
And
diudy = {va, vs, Ve, Vs, Vio} U {V1, V3, V4, V7, Vo}
= {V1, V2, V3, V4, Vs, Ve, V7, Vs, Vo, Vio}
=V(G)
Therefore, DP(G) = {d,, d2}.
=DN(G) =2
Illustration for odd consecutive vertices:

v v Vi V- Vi V-
n=11: a 3 5 7 9 11

Vs Vg Vg Vg Vip

Interlval Ifamily

“io Vg
-

Ve

wva
Vs

wF
Vaia

Interval graph G
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The dominating sets are di = {va, Vs, V7, Vs, Vio}

do= {v1, v3, V4, Ve, Vo, Vi1 }
di Uda= {va, vs, vz, Vs, vio} N {v1, V3, Va4, Vs, Vo, Vi1}
diNd=9
And
diUda= {va, vs, v7, V8, Vio} U {V1, V3, V4, Vs, V9, Vi1}
= {V1, V2, V3, V4, Vs, Vs, V7, V8, Vo, V10, V11}
=V(G)
Therefore DP(G) ={di, d2}
=DN(G) =2
Theorem 3:

Let 1= {I,, I, ....., I} be a finite interval family with even and odd contains and contained
vertices, and G be an interval graph corresponding to I. The number of vertices must be
greater than or equal to 2.Then the domatic number DN(G) = 2 except n =3
Proof:

Suppose [ = {I,, I3, ....., I} be a finite interval family with even and odd contains and
contained(no multiple intervals) vertices, and G be an interval graph corresponding to I.

We know that a collection of partition of G is set of {di, do, ....., di} is called domatic

partition of G if
1) {di dds, ... di} are pair wise disjoint, i.e., dind>Nd;N.... Ndx= @
2) U d,=7G)ie,diudUdsU ... U de= V(G)
3) Each d; is a dominating set
By definition the maximum possible number of dominating sets in a domatic partition is
domatic number DN(G).
In this it will arise two cases.
Case 1:

Let us consider the finite even contained and contains interval family

={L1L.... , lm}, Ym € N without multiple intervals.
2
The domatic number DN(G) = n- 2k where n =2m , k = HT ,VkeW,VmeN

Let us consider the vertices at [g= {vi,v2, ...... , vam} and Io= {uj uy,...... , Uom+1}
Let n = 2 then the dominating sets are d;= {vi} and d2= {v2}
Where d;N d2= {vi} N {v2}
dind:=9
And
diuda= {vi} U {v2}
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dud;= {V], Vz}

diud2=V(G)
And dy, d, itself is a dominating sets. Therefore {di, d»} is a domatic partition(DP).
Therefore domatic number DN(G) = n-2k
=2-2(0)=2
Let n = 4 then the dominating sets are d;= {vi, v3} and d>= {v2, v4}
Where d; Ndy= {vi, v3} N {va, v}
dind;=9
And
diudz= {vi, v3} U {va, va}
diU da = {v1, va, v3, va}
diud2=V(G)
And dy, d, itself is a dominating sets. Therefore {di, d»} is a domatic partition.
Therefore domatic number DN(G) = n-2k
=4-2(1)
=2
Similarly n = 2m then the domatic number DN(G) = 2m-2k = 2
DN(G) =2
Case2:
Let us consider the finite odd contained and contains interval family without multiple
intervals.

lo={I51s...... , m+1}, Vm €N without multiple intervals.

2 YkeW, VmeN

The domatic number DN(G) = n-(2k+1) where n = 2m+1, k= EY

Let us consider the vertices at [o= {u;, uy, ...... , Wome1}
Let n =5 then the dominating sets are d1= {u», u4} and d>= {ui, us, us}
Where diN d>= {uz, us} N {u, us, us}
dind:=0

And
diudz = {uz, ua} U {ui, us, us}
diud, = {ul, Uz, Uz, U4, LI5}
divud=V (G)
And d,, d; itself is a dominating sets. Therefore {di, d»} is a domatic partition.
Therefore domatic number DN(G) = n - (2k+1)
=5-2(D)+1)
=53
=2
Let n =7 then the dominating sets are d;= {ui, u3, u4, us} and d» = {u, us, us}
Where dind, = {ui, us, us,ue} N {wz, us, us}
d1n d2: (Z)

O © CINEFORUM
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And
di1Uda= {uy, u3, ug, usj U {u, us, us}
diU d2 = {ui, uz, us, w4, us ue u7}
diud>=V(G)

And d;, d, itself is a dominating sets. Therefore {di, d»} is a domatic partition.

Therefore domatic number DN(G) = n - (2k+1)

=7-(2(2)+1)
=7-5=2
Similarly n = 2m+1 then the domatic number DN(G) = (2m+1) - 2k+1) =2
DN(G) =2
Hence the theorem proof
Illustration for even vertices:
n=14:
Vi \ Va vz Viz
V3 Vg Vi1
Vs Vio

Interval family 1

Viz

.
Vi1

Vio

Interval Graph G

The dominating sets are di = {va, V4, V7, Vs, Vio, Vi2, Vi4}
do= {Vl, V3, Vs, Ve, Vo, Vi1, V13}
diNd2= {va, va, V7, Vs, Vio, Viz, Via} N {V1, V3, Vs, Vs, Vo, Vi1, Vi3}
diNd;=9
And
diUda = {va, V4, V7, Vs, Vio, Vi2, Via} U {V1, V3, Vs, Vs, Vo, V11, Vi3}

= {V1, V2, V3, V4, Vs, Vs, V7, Vs, V9, V10, V11, V12, V13, V14}

=V(G)
Therefore {di, d,} is a domatic partition
= DN(G) =2
Hlustration for odd vertices:
n=11:
00 S
M e Me .

vz
—
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Interval family I

Interval gr:ph G

The dominating sets are di = {vi, v3, Vs, V7, Vo, Vi1}
d>= {Vz, V4, Ve, Vs, Vlo}
diNd2= {v1, v3, Vs, v7, Vo, i1} N {Vv1, V3, Vs, V7, Vo, Vi1}
diNd,=9
And
diud, = {Vl, V3, Vs, V7, Vo, V11} U {Vl, V3, Vs, V7, Vo, Vll}>
= {Vl, V2, V3, V4, Vs, Vg, V7, Vg, V9, V1o, V11}
=V(G)
Therefore {di, d,} is a domatic partition

= DN(G) =2

Corollary 1:

Let us consider Fibonacci series 0,1, 1, 2, 3, 5, 8, 13,....... i.e., Fn= Fnit Foo ; Vn>2
with initial conditions Fo= 0, F; = 1. By using theorem 1 the domatic number of Fibonacci
series DN(G) =2 except 0, 1 .

Proof:
Let us consider the Fibonacci series 0, 1, 1,2, 3, 5,8, 13, ....... 1.e., Fa=FnitFn ;
Vn > 2 with initial conditions Fo=0, F;=1.
Let n = 2 then dominating sets are d; = {vi} and d2= {v»}
Where di nd,= {vi} N {va2}
dnNd,=9
And
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dud, = {V]} U {Vz}

diU da= {vi1, v2}

di1ud2=V(G)
And d;, d, itself is a dominating sets. Therefore {d;, d»} is a domatic partition.
Therefore domatic number DN(G) = 2
Let n = 3 then the dominating sets are d;= {vi} and d,= {va, v3}

Where dind,= {vi} N {vo, v3}
dind=0
And

diUda= {vi} U {vo, v3}

diU dy= {vi1, va, v3}

di1ud>=V(G)
And d;, d, itself is a dominating sets. Therefore {d;, d»} is a domatic partition.
Therefore domatic number DN(G) = 2
Let n =5 then the dominating sets are d; = {v2, v4} and d2= {vi,v3, vs}

Where dind,= {va, va} N {vi,v3, vs}
dind;=9
And
diuda= {va, va} U {vi,v3, vs}
diU d2= {vi, v, V3, V4, Vs}

di1ud>=V(G)
And dy, d; itself is a dominating sets. Therefore {di, d2} is a domatic partition.

Therefore domatic number DN(G) = 2
Similarly we take n = k, Vk € N then the domatic number DN(G) = 2

Hence the proof

Illustration:

n=_§:

Vi Vs Vs V7
I || | I | } |

Interval family |
vz

V3
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Interval graph G

Let n = 8 then the dominating sets are di = {v2, V4, Vs, v7} and d2= {v1,v3, vs, vg}
Where diNdx= {va, v4, Ve, v7} N {Vv1,v3, Vs, Vs}
dind,=9
And

diUdz = {va, v4, Vs, v7} U {V1 V3, Vs, Vg}

diU dy = {v1, va, V3, V4, Vs, Vs, V7, Vg}

diud2=V(G)
And d;, d, itself is a dominating sets. Therefore {d;, d»} is a domatic partition.

Therefore domatic number DN(G) = 2

Hence the proof
Corollary 2:
Let us consider Arithmetic Progression series 2, 3,4, 5, ..... i.e., a, atd, a+2d,...... where

a = first term, d = common difference, d = second term - first term. And the geometric series
2,6,18,54, ....... ie., a,ar, ar’, ar’, ...... where a = first term

r = common ratio

__second term

first term

Then the domatic number of A.P is DN(G) = 2 except at a= 1 and the domatic number of G.P
is DN(G) =2
Proof:
Let us consider Arithmetic Progression series 2, 3,4, 5, .....i.e., a, atd, at+2d, ...... where
a = first term, d = common difference,
d = second term - first term.
d=3-2
d=1
Let n = 2 then the dominating sets are d;= {vi} and d2= {v2}
Where diN dy= {vi} N {v2}
dind;=9
And
diuda= {vi} U {v2}
diudza= {vi, v2}
diud=V(G)
And dy, d, itself is a dominating sets. Therefore {di, d»} is a domatic partition.
Therefore domatic number DN(G) = 2
Let n = 3 then the dominating sets are d; = {v} and d,= {v,, v3}
Where di Nd2= {vi} N {v2, v3}
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dind,=0

And

dud, = {V]} U {Vz, V3}

diU do= {v1, v2, v3}

diUd:= V(G)

And d;, d, itself is a dominating sets. Therefore {d;, d»} is a domatic partition.

Therefore domatic number DN(G) = 2
Similarly n =k, Vk € N then the domatic number DN(G) = 2

In this similar way we can also prove that the domatic number of geometric series

DN(G) =2

Hence the proof

Tllustration: |

V2 V4 Ve Ve

Vi
n=9: }

Vo

Let n =9 then the dominating sets are d; = {v2, vs, V7, vo} and d>= {vi, 3, V4, Vs, Vs}

Interval family [
Vs

Vi
Ve

V3

V4

Vs V2

V7 \&]
Interval graph G

Where dind2= {va, vs, v7, vo} N {V1, V3, V4, Vs, Vs}

dind;=0
And

diUda= {va, vs, v7, Vo} U {V1, V3, V4, Vs, Vg}

diU do= {v1, V2, V3, V4, Vs, Ve, V7, Vs, Vo}

d U do= V(G)

And dy, d, itself is a dominating sets. Therefore {di, d»} is a domatic partition.

Therefore domatic number DN(G) = 2

Lemma:

080 ..
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Letl={I;, I, ...., I} be a finite contains and contained interval family and G be a

interval graph corresponding to I. If n =2 and n = 3 then the domatic number is equal to
number of vertices i.e. , DN(G) =n.
Proof:
LetI={I;, b, ...., I} be a finite contains and contained interval family and G be a
interval graph corresponding to 1.
We know that a collection of partition of G is set of {di, do, ....., di} is called domatic
partition of G if
1) {di d2ds, .. di} are pair wise disjoint.i.e., diNd2 nd3 N.... Ndk= @
2) U d:=WG)ie., dUdUdsU.... Udi= V(G)
3) Each d;is a dominating set
By definition the maximum possible number of dominating sets in a domatic partition
is domatic number DN(G)
Let n = 2 then the dominating sets are d;= {vi} and d2= {v»}
Where dind,= {vi} N {v2}
dind:=9
And

diuda= {vi} U {v2}

diU dy= {vi1, v2}

di1ud>=V(G)
And di, d; itself is a dominating sets. Therefore {di, d»} is a domatic partition.
Therefore domatic number DN(G) = 2 = number of vertices
Let n = 3 then the dominating sets are d; = {vi} and d2= {v2}, d3= {v3}

Where diN donds= {vi} N {va} N {v3}
dindnd; =9
And

diud,Uds= {vi} U {v2} U{vs}

diudUd; = V(G)
And di, d», ds itself is a dominating sets. Therefore {di, d», d3} is a domatic partition.
Therefore domatic number DN(G) = 3 = number of vertices.

Hence the proof.

Ilustration:

n=2:

vz
—_—

Interval family [

Vi @ @ V2
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Interval graph G

Let n = 2 then the dominating sets are d; = {vi} and d2= {v»}
Where diN d= {vi} N {v2}
dind=0
And

diudz= {vi} U{va}

diU da= {vi1, v2}

di1ud2= V(G)
And d;, d, itself is a dominating sets. Therefore {d;, d»} is a domatic partition.
Therefore domatic number DN(G) = 2 = number of vertices.
Iustration:

n=3:

Interval family |

vz @ & Vs

Interval graph G
Let n = 3 then the dominating sets of G are di= {vi} and d> = {v»}, d3= {v3}
Where dind,Nds = {vi} N {vo} N {vs}
dind:Nd;= @
And

diudauds = {vi} U {v2} U {v3}

diUd> Uds = V(G)
And d;, d,, ds itself is a dominating sets. Therefore {d;, d», d3} is a domatic partition.

Therefore domatic number DN(G) = 3 = number of vertices.

Conclusion: In this paper, we determine the domatic number of an interval graph
corresponding to an interval family. A family of intervals is primarily used in mathematics
and computer Science to model and analyze interval graphs. Interval graphs provide a
natural mathematical model for networks and systems in which relationships, interactions,
or coverage occurs along a linear domain. The domination and domatic parameters can be

used to study coverage, redundancy, and fault tolerance in such networks. The concept of a
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domatic number has useful in real-life interpretations such as wireless sensor networks,

computer and communication networks, Emergency service placement, military (or)

security surveillance, social networks and transportation networks etc.
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